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Lectureplani
1 non bipartite
matchings

Z Tutte Berge

3 Algorithmic proof

Edmonds alay

might not finish



Nonbipartitematching
Given G Cv E i

do not assume bipartite

want maximum matching M
in G

Konig's theorem
doesn't hold

Max matching min vertexcover

A

Recall from lecture 2 instead

duality ofobstructions
based on

parity



Tutte Berge Formula
Given U EV

Def
GM Gaffer deletes U

all adjacent edges

oC
odd connected

GM components in GM

CE CE s w odd
of Verts

EI
a

q
G t.TTgGiu g

to
u

GM of off 3



The Tutte BergeFormula

ma
miff feintAt

thet oGH

ie

PI E i e weakduality
Deteth U deletes
E IU l edges of M

HowmanyleftoverI.ie
Kz

k l

is

U



here leftover
is at most

I I
Thus if K Ku are

connected

components of Glu

IM E l ult EE L'E J
Can rewrite

1 If
1k if I k il even

1k else

thus fit t.f.IE tokid
f
WILL 6



plugging into It gives

1Mt E ETHI OGIE
g

G 164
jet

lmk 4 I I Hu l o GM

Proofotty

Beautiful algorithmdueto

Edmonds
challenge though

still true that

M Max
no augmentingpath
w r t M

finding the paths is hard



Why Natural approach
repeats vertices Fails

Naturalapproach whenever you
see q q add directed

edge uw

TEI
EI

fh
Mitreof

Then start at exposed vertex

look for vertex adjacent
to an

exposed vertex in blue digraph

Problem can lead to repeated
vertices



E S

on

when we first repeat
have found a

flower with respect
to M

Steen even length alternating

path from exposed
vertex u to
vertex V

Blossom odd lengthcycle
intersects stem in V

alternating except
for edges incident to v



ES

f
u

V a

stem

blossom

Algorithmic
At eachstep have

matchingM

find avg.es
or flag

w r t M or show neither exists

If neither exists matching is

maximum Cbk no aug path

if aug path augment
repeat



oooo if flowery let 13 be blossom

Create graph G B Got GIB

Called contraction where

B shrunk to single
vert b

edges Chiu u f B V E B

replaced by Cu b E GIB

EI m
MIB
a

GIB



Note is matching MIB in GIB

and
1mi I m B I

i.e edges of M in B

Crucial Theorem Let 13 be a

blossom writ M Then

Fazio
msn.na.n.in

Proof will be algorithmic

If biggermatching
in GIB than



MIB can use it to find

bigger matching in
G than M

Theorem Algorithm recursion

Assuming we
can find

either any path
or blossom

can recurse to increase size

of MIB in GIB
if not possible M

maximum

else use new matching in

GIB to increase M

ProfoyfCrucidTeoremin
w.L.O.G assumption

I



Bhasemptysteml

whyw.l_o
2

If P nonempty
look at MDP

B M is

I l
g g

P
f

m g
mo p

I I
exposed

MOP has empty stem

blossom1B



Proving theorem
for

MOP also proves

torn
M maximum in G

Palternating
MHmoPl

S
MOP maximmin G

Theorem for
emptystemmop B max in GIB
7

MOBB mh op

MIB 0P Makin
GIB

µ

Hematippi me in GIB



I

OP t or top

1B NOP1B

HB OP

Finally start proof of crucial
Mmax.in

E 7M BmaxinGlB



Contras suppose
MIB not Max
show M not max

Suppose N is matching
in GIB larger than MIB

pull back N to

matching N in G A B N

F incident to El vertex of B

Expand to matching N

in G add EGBH



edges in B

GIB G

i
N

it

IN't exceeds 1Mt by same

amt.IN exceeds M Bl



contrapose if M not Max

e then MIB is not max

Suppose M not maxing

then Jang path P
between exposed

verts

UN e G

w I og U E B B has only 1

exposed vertex stem isempty

first vertex of P in B

W
starting from u

v i f p B share no vertices

Q part of P between
u w

Q augments path in
MLB



bexposed.mn Bb emisempty

MIB
Td of

Q

ALI if P B vertex disjoint then P m zg

Finally Augmenting Ml B along Q

MIB not maximum I



a

i

m9

iii a



i
i

EI findexample
of above

ie blossom B of M so that M max

in GIB but adding the
113121edges

to m in G doeset result in max
matchiyai

in
explain why

no contradiction



Lectures Plant
I Finish Edmonds alg

2 Prove Tulle Berge
3 Maybe Start polyhedra

Announcements

I may be10 IS mins late Thurs

f
will keep you posted on slack

HW due 11 00pmThurs

EdmondiAlgorithry
Given M And augmentspathlflom

Label exposedvertices EVEI



keep others
unlabelled initially

eventuallywill label some ELEMODI

Maintain alternations
Guy graph in which each connected

component is alternatingtreeFAT
i e tree St paths to root are

i alternating w r t M iv only 1
child

ii alternate b w odd end at even

iii leaves are

every
root layer

e

Process EVEL vertices

one at a time



currently on a C ELEN

all verts in a tree are exposed or

matched within the tree

If edge UN with

v unlabelled label

ODI unoterposed.O

ble else v EVIN ti
label v's male w EVEI
Add



if 3 edge UN s t

Ewtn and v

belongs to different
AT

than U

Then is augmenting path
between the roots

CEES

I p I t

have found any path
increase

M start over with new Mo



If is edge un

with v labeled EVEI

V in U's AT

then the paths
u u root

form a flower with un

m



Gcente Shrink to GIB
keep same labelling label b EVIN
Recursively find Max matching art

in GIB

Using crucial theorems can use

m

Start over w new M
if appbmMm imum

Correctness suppose none

of a b c apply anymore
for

the EVEL vertices U

Recall a un v un labelled



Cu v V EVINb c a

EI

I l
l l l t unlabelled

note i un labelled matched to
eachother

b c AT Verts either exposed
or matched

w in A T

Ii ODD vertices all matched to even

vertices

Claim Current matching Mk

smatincurrentGEChki



i

ProofofClain Consider U ODI

and consider the upper
bond

from TutteBerge for Gk

1M I E EfNielthel
oCG.lu

K

No edgesb w EVEN
vertices

else or applies

noedges b
w ELEN

unlakelled

else Cal applies

Thus ELEN are singleton components in GH



so o GIDI E

All ODID matched to EVENI

all unlabeled
matched to unlabeled so

1M ODIf t Vel loDDI EVEN

Equal toDDI 1
EVEN l

Plug into

1M Walt101121 I EEEND

Z Nutt 1021131 okreloDI

Tutte Berge upperbond

iG aim proven



t k S I
Apply
crucial theorem repeatedly

for Bu Bu i
B

shoes algorithm constructs
a an ax match is in G

because B blossom for Gi I
Mi r



Running time

Algorithm performs

augmentations of
matching outer loop

between two

augmentations
inner loop

shrinks blossom

tires shrinking

removes 32 vertices

Time to construct AT
is TT m I El



SooueratloqzXProfofTulle

OZWe_showedi.TBholds forf
graph Gk for which alg
terminates

Recall
Gi GIB

Bi i o Hud

Mi NB I 1 Bi i

Goi G

TB holds forGn i.e

I



1MW Lfluid 44
o

u

where U 01

ble GIDI EVEN i
even s Singleton Cc

Un shrink Bi one by one

e

i

Mil E wit the l
o Glu

backwards induction



backwards induction

G k M h

M K l

iii

nstepGiG

is wi il Ni l t l Bi l f
and

b itself



I Mi il Mil t thBil D

Cii Unshrinking B i
adds even GBil l

vertices to some C C

of Gil U so odd loan

components stays
same

i e

ofgi.yuj o.CH

Iii Using this when i ti I



the RHS LHS of

Mitt Chi HUI ok

increase by HIB il l

Apply induction to conclude a

73L T.IEiIsinax

Ml mintzflvHu1
oGlu

i Ml E k Nlt Hom
ii here 7 Some M

1mL Ecu HMI o Glu



coroxtue.by
G has p.m iff

t U of GM E 141

This is called

uH thiyhm


